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ibstract

This paper introduces the concopt of a nonecooperative sws and
dovelops methods for the mathematical analysis of such games. The
ganes considored 8re heporson gwmes ranresgated by msans of pure stra-
| tegles a.nd myt-off ﬁmctiom def'ined for the combinations of jure
strateogiese
The distinction between coonerative snd non=cooperstive games is
unrolzted to the mathematlcal description by means of pure strategies
and peywaff functiono of o gamoe Rather, it depends on the possibility
or impoesibility of coaliticns, comxmnication, and side~paymontse
The concepta of an equllibzriun point, a solution, a atrong solution,
& sub-soluticn, and valuss ere introduced by mathemmtical definitionse
4nd in later sections the Ilntorpretation of those ooncepts in non-cocper=
ative games is discuzseds
mw‘mthmtmdnwltutbpmqfofthnuhhmmmy
game of at least one equilibriun pointe Other results concern the geo=
2 netrical structure of the set of equilibyium poinﬂ of & gaze with & so-
¢1mmmmdmoxmm.wmnwmuuaymm«1

: * oqumbrim point in & symetrical m.
A¢ an 1llustration of the pusibuxun rcr application s treabusat

of & simple thres-emn poker model is included.
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Introduction

Von Neumann and Morgenstern have developed a very fruitful theory

of two=nerson gero-sum games in their book Thecrv of Games and Economic

Behovicrs This book also contains a thecry of n=nerson games of & type
wkhich wae would call ccoperativee This theory is baased on an analysias
of the interrelationshing of tho various coaslitions which can be formed
by the players of the zeme.

Our theory, in contradistinction, is based on the absence of coali=-

tons in that it is assumed that each nartisipant acte indenendently,
without collaboration or ocommunication with ary of the otherase

Tho notlon of an equilibrium point i3 the basic ingredient in our
theoryes This notion ylelds a semsralization of tho concoot of the asolue
tion of a twoe=nerson gero=sum same. It turna out that the set of equili-
brium points of a two-person zero-sum gams is simply the set of all pairs
of opposing "zood strategies.”

Ia the immediately following sections we sghall defins equilibrium
points and prove that a finite non=~cooperative game always has at least
one equilibriua points Fe shall also introduce the notions of solvability
and strong solwvability of a noo~cooperative game and prov& a theores on
the geomstrical structure of the set of equilibrium points of a soclwable
gamee

As an oxcaaple of the apnlication of ocur theory we include a solution
of & simplified three person poker game.

Thoe motivation and interpretntion of the methematlical concepts em~

"ployed in the theary are reserved for discussion in & special section of

this papere



Formal Tefinitlons and Terminology

In this socticn we define the basic concents of this naper and sed
un standard terminology and notation. Important derinitions will be
nreceeded by a sub-title incicating the concept defineds The rnonecocn-

erative iZea will be implicit, rather than explicit, below.
Finite Gemss

For us an nenerson ~ame will be a set of n nlavers, or nositlions,

sach with an aesociated finite set ol pure stratoglioa; and corresponding

.

to each playsr, ! , a nay=off funotion, P, s which mmps the set of all

n=tuples of npure stratezies into the real nusberse When we use tha term
n-tuplo we shall always mean a sot of n itema, with osch item associated

with a different nlayera
Jixed Chrategy, O :

A mixed stratezy of player \ will be a collection of non=nesative

numbers which have unit sum and are in one %o one correspondence with his
pure strategliese

Vie write s:=§C:¢W;¢ with ;C;ol::'! and Ci =0
0 represent such a mixcd strategy, jlrhere the e ’S are the pure
strategies of player | o We regard the S:’s as points in & sime
plax whose verticea are the Trid’s . 7This simplex may be regarded
a8 a convex subset of & real vector snace, giving us a natural process of
lirear combinaticn for the mixed strategies.

Yo shall use the suffixes f) J',’c for players and D(Jﬁ ,‘( to
indicate warious pure strategles of a player. The symbols S ,f.‘ .
and ‘f'; » otce will indicate mixed strategies; T ol will indie
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cate the | th playerts olth pure strategy, otoce

PRI ]

say=ciy function, P. s
3

Tho Say=GIf function, P: , used in the definition of o fintte
cee sbove, has e unicue extension %o the s-tuples of mixed stratesi
whioch it linear in the mixed strats;y of each playor [ n-limar].
This extonsion we shall also denocte by R » Writing F;(‘S.,&.,--- Su) .

“ie shall write . or & to denote an ne-tunla of mixed strate-ies
and if &= C$., i s") then P'C/i) shall mesn P; CQ.,S;,---'S-.)
Such an n=tusle, -4 , will also bYe regarded as a point ’n a Tector snace,
which gmace o~uld he ohkaired b multinlying forether the vector snaces
containin;; the aixed stratoglies. And tho set of all sueh n~tuples forms,
of course, a convex polytope, the product of the sinnllces represerting
the mixed strategless

For convenisnce we introduce the substitution notation

(,43 t:) to stand for CS-,Sz,--- S:—-,t:,S:H,“‘g")

wtere  _4 = (S, Sty Sn) o The erfect of successive substLtu~
tions (CA; t:) ;t;) we indicate by @.;t? 5 ('j) s 6tce

Equilibrium Polnt:

An ne-tuple _<_ is an equilibrium point if and only if for every |

(1) P) = g‘{}‘::’ﬁs\:ﬁ (4;*:)] .

Thus an equilibrium polnt is an n~-tuple ~J such that each nlayer's

mnixed strategy maximizes his paywoff if the stratagies of the others are
held {ixede Thus cach player's strategy is optimal against those of the
others. Te shall occesionally sbireviate equiliurium point by age pte



e
Tie say that a mized strategy S; uses e pure stratey TTlip if
Si= gC:nL T and C?p >0 .1 g=(Ss.5,--"" Sn)
end S: usea TTit we elso say that < uses Tt o

“ren the linearity of |%(Si,---5n) in S,

mmmmm

x , . .
(2) mct;’;, [P;Gd.;ft)] = YY\&)& {P.(/Q f“-u)] .

-

Ye defize P;O(Cﬂ_) = PR ;ﬂ'.’ct) « Then we obtain
the following trivial necessary and suflicient coandition for /4 o be

x
an equllibrium palnt:

(3) P = M3* Rala) .

Ir A= CS,,S,., .eo $n) and Si= 2;_ Cix T “hen
Px@) = ?;—’(C‘.ol P:o(.@) , consequently for  ((3)  to hold we

mist have Ci;at=Q whonever Pio( C—Al.\ < m@ax i Gé_) ’

which is to say that <l does not use ([l;o{ unless it is an optimal

pure stratecy for player 1 o So we write

(4) i Thy isused in < then Pru(R)= m{gxﬂa(x)

as anocther necessary and sufficient condition for an equilibrium pointe
Since a criterion (3) for an ege pte can be expressed as the
equating of two continuous functions on the spacs of n-tuples < the
©ge ptse obviously form a closed subset of this spmaces Actually, this
nwmbevw
subset 1s formed from a % of pleces of albegralc varieties, cut out by

gther algebraic varieties.



Lxistence of Zguilibriunm Points

I have previously publishod / Procs Is he Se 36 (195C) 48-49 / e
proof of the result lelcw based on TaXutonis gereralized fixed neint
theorene The proof gziven lLiere uses the Lrouwar ti:eorem.

mhe method is to set up a sequence cf coutiruous mapp ligas

2 > Q1) 54> 2/(2,1) 5 -- - whose
fixed noints have an equilidbrium point as 1limit nointe A 1limit mepping

exigts, but iz discontinucus, and need not nmve any {ixed poinise

TilCe 1t bvery finite zame has an equilibrium pointe.

Proofs Uaing our standard notation, let —< be an z~tuple of mixed
strategies, and F*C/d) the pay=aoff %0 ployer i 4if he uses his
pure strategy Tlil and the others use their respective mixed strate-
gles in —<Z + For each integor A\ we define the following continuous
functions of &

9ite) = " Lale)
Piadd)) = Piad) =9 + Vi,
Biktar) = max (0, Bia (2,0]
o Zgb{f,(/«}) > maxAreas) = Vaso  so that

Cial<,N)= QS Qd'))‘

ZQ&E‘(A,)\) 15 continuous.

Tef'ine S (,4 7\) = ZTrat CnOlt("d 7‘) and
/Q’(% 7\) (S‘.) Si, .- g") « Since all the operations

beve preserved continuity, the mapping _<Z —> <7 (4 , 7\) is conw
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timous; and since the space of n~tuples, < , is a cell, there must
bo & fixed poimt for eash )\ « lonce there will be a subscquence "‘{f& R
converging to X , where ,4,* is fized under the oepoing ,{——9,4'64,}{,.,)).
Now suppose 2% woro oot ar equilibrium pointe Then 1P .

K= (sa*,--‘Srf) somo camponant $:% st be none
optimal egainst the othars, which zoans  5;% uses came pure stratesy

T which 1s rom~optimale [ ooo (4),¢2-4-/ 7his means that

P;e{@*) < 9qi(<¥) which Justifies
writing Puft*) — 9:(2X) L -€ ]

Tram cemtimulty, If pM L5 large encugh,

[ Do) - Gretn] — [Pkt = €] <64 s Ky 5.

e P ()= Gildn) g <O i
e ¢ i (;4»,7\(»)) L Oy whemee B Ceed - 0,wbence

C;:((.‘(n,')\(,.u)):::'o « Prom thiz lagt equation we know that
Tt 18 not used in dp  since

/4/** = ;— Thia Ci/o‘ 6,4,..) th)) ¢ bocause ). taw
fixed point.

and since <Lpu—> 2% , Tia 1o not wed in L%
which contradicts ocur assumption.
Bence -4’ 1s indeed an equilitrium poimte



Symmetries of Gsmps

An gutomorphism, or symmetry, of a game will bo a nermutation of

its pure stretegles which satlsfles cartaln conditions, jiven belowe

I2 two strategiu belong to a single playor thoy nust o into two
atra'be:_;ioa belongin;; to a single player. Thus if 525 iz tho nermutaw
tion of the pure giratozies 1t induceos o pormutation (l"  the
playarse.

Bach metuple of pure stratogios is therefors permuted into ancther
o=tuple of pure stratogiess. e may call X the induced parmutation
of thesa n~tuples. Let § denote an n=tuple of pure atrategies and

P,(E) the pay=off to player | when the n-tuple = is em=
ployede «e require that if

=¥ we REY:RE)

L4

which complstea the definition of a symetry.
The perzutation ¢ has a unique linsar extension to the mixed
strategies. If

= gC:ec‘ﬂ";o(_ we define (g;)¢-_: g(:xéﬂ':«x)‘d.

The extension of ¢ 20 the mixed atrategles clearly generates an
oxtension o X to the p-tuples of mized strate;les. We shall also
dencte this by X

Tie define a aymetris n-tuple -< of a game by
X _ y,
L= 4 teeaal Ks

it being understood that X meens & permutation derived from a symetry

& .
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TEEOe 43 Any finite pame hes a symmeiric eculillibrium nointe

roaf: First we note that

Sia = S’”‘M haz the property (S.o)¢ S;o  where
TR G o kaat the taple o= (Sia,Sua, - - - Sra) 15

{£iz0d under any 7(. 3 hence any game has at loast one symmetric o
tu?lo.

1 A:C‘S,{ -+ Sn) and = (t.,-.-‘t'.o) are syoe
motric then <L+t __ (S.+t, e . Sntta is so
& T ) A

too vecuuse L= d & S-:(§‘)¢ wheve j:"(’u , hence
Sivti . S+t )¢+€t )2 (st +t.)¢ hemge (fg_-zzr)x- L+
2 +/ 7

This shows that the set of symuetric n-tuples is & convex subset cf
tha space of n-tuples sirce it ia obvicualy closad.

Yow obsorve that for each \. the mapping «4'94/&:}\) used
in the proof of exlstence theoren was intrinnicalllyr defined. ‘I‘hmfore,
12 2= 4(40,\-) and Xumvauto"mrphimaftbabm

wo will hava 2,7 = 2 (4'?(37‘) o If <, iz syme-
o A= -4, and therefore /43( = 4’(«4.)»} =L .
Consequently this mapping maps the set of symetric netuples into itself.

Since this set 13 a cell thore must be a symetric fixed poimt —<o .
And, s in the proof of the existenco theoren we could cbtain a linit
point A*Mwwldhavctobemwio.



colutlions

vie defline here sclutions, strong solutions, mand sub=-sclutiocnrse &«
norm=coopsrative game doos not always have a solution, but whon it does
the solutlion las uniquee I%rong aoclutlicas are soluticns with anecial

aropertiase Subesolutions alwnys exist and have many of the proncertics

of solutions, but lack uniqueness.

S; will dencte a set of mized strategies of player | am J
a set of r~tuples of nixed strateglens

Colvability:

A ~ame {8 solwable if its m,g? » of equilibrium points satis=

Sias the conditlion

(1 (/f;'f:)f,aé and ,Qeffé (/t;ﬁ)éaé forall i S .

This is called the interchangeabillity conditicns The salution of &
solwble gnme is ita ut.,@o_ » ©of aquilidbriun pointse.

Strong colvabilitys

Agmhmongzaalwblauitm;aolutim.cz » Such that

forall %
el plast)= PLd) = st ed
mméf 1s called ‘amm.
Bquilibrium Strategiess

In & solvable game let S: be the set of all mixed strategies S;
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such that for some {— the n-tuple (/‘t; S:) 18 an equilibrium
pointe /S is the 1 th component of scnme ecuilibrium pointe /
Yo call S: the set of ecuilidrium strotecies of nlayer 1+ .

Subegolutionss

L é 15 g sudset of the sot of equilibrium points of a zame and
satisfiss condision (1); and if @g is maxirel reolative to this nro-
perty then we call 42 8 subssalutlion.

For any sub=-solution aé we defino the 1th fackor sat, S: s a3
the sot of all Si{’s asuch that dg contains (%3 S:) for ocome

Tote that a subwgolution, whan unique, iz s solution; and its factor
sots are the sets of oquilibrium strategiocse

THIO. 25 A sub=solution, @Z s 18 the set of all n=tuples .
(S.ISI_,.-‘Sn) such that each S; € Q; where S-. is the
{ th factor sat of {,é « Cecmatrically, 1,2 iz the pu-oauﬁt of its
{actor sets.

Proofs Consider such an metupls  (Si,---Sn) o Dy definition

4 A, Az, -.-,cbn  euwh thet for each | @-.-;s,-)c-'ﬁg.
Using the conditlon (1) n~l times we obtain succossively
(;t.gs.;st)ej, oo s (55350583 --~ 3Sw) ejana the last 1o
simly (g,/g,_,... g,,)ej, which we necded to show.

7IZ0e 33 The factor sots ga,gz., e gn of a subwgolutlon
are closed and convex as subgets of the mixed strategy spaces.

’roaf: It suffices to show two things: (a) if S; and S:, SS,‘



«lle
then S:%:: (§:+S;l)/2 é S; 3 (b) &£ S:# is
e limit point of 5; then S RES; .

Let _t € @g « Then we have

Retss) =R Essist) e Pl S) 2R 551)

for any ‘{\5 » by using the criterion or (’) » P9- 3 for an eqe
nte Adding these inequalities, using the linearity of E;(S.l . -.‘Sn) in
S/, and dividing by 2, we get PJ Gts g;*j > %(x;g;*;t;)
since S %X = (3.’1‘&")/2 « TIrom this we know that
(ﬁ;%?*) is an ege pte for any 7“&;52. If the set of
all such eqge ptae éf'; S;*) is added to Qz the augmented set
clearly sabtislies condition (1,, and since ,52 was to be maximasl it
follows that s¥e S.‘ .
To atteck (b) note that the n-tuple (/’!‘,‘3 S.#) s Where )f‘éaé
will be a limit point of the set of n~tuplee of the form é"‘, gi)
where i € g; s 8ince S::#— is a limit point of g; « But
this set is a set of eqe. pta. and hence any pvoint in its closure is an
eq. pte., since the set of all eq. pts. is closed / see Pﬂ‘a'] e There-
fore (_}(—; S;#) is an eq. pt. and hence S’;#’ e S{ from
the same srgument as for S;aﬁ

L

Valuess

Let .-62 be the set of equilibrium pointe of a gaxe., e define
ax _—
vit= mpe)] | vim= ]

If \];+= \f':— we write Vi = \};+: \/;—. . \l,+ is

the upper wvalue to player 1 of the game; \J;_' the lower value; and
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Vi the velue, if it exiatse
7alues will cbviously have to exist if there is but one equilibriua
peinte

Cne can define associsted values Jor a sub-goluticn by reatrioting

4 to the oge. ptse. in tho sub=golution and then using the same defining
scuations as above.

& twowperson seroesu Jame is always solvaeble in the sense deflned
abovee The sets of equilibrium astrategies ‘S’, ard Sz_ are simply
the sets o "Jood" atralegicss GSuch a gmme 18 not senerally strongly
solvable; strong solutions axist only when there is a "saddle point® in
pure stratoclies.
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Gecmotrical Form of Zolutlona

Iz the two=persgon gero-sum case it has boen shown that the set of
vo0d" stratogies of a player 18 a convex polykedral subset of uLls
strategy opac@e ‘ie sball cbtain the sarw result for a player's set of

equilibriun atz;ategios in any solwvable sonee

THECe 53 The cets S., S‘, e S,\_ of equilidbriun strato=
gles in a solveble smoe arc polytodral convex subseta of the rospective
nixed strategy spacese.

Proofs .ia o~tuple .-d will be ar equilibrium point if and only if

for every |
(1) Réz)= "2 Butd)

which is condition (3) on pags U + An equivelent conditicn is for
every | and ¥

(2) Piz) - Paft) 20 -

lot us now consider the form of the set Sj of equilibrium strate-
gles, S; , of playor ) + Let 4 be any equilibrium point,then

(363S;) i1l be en equilthrium potrt 57 and only if Sj € Sj. o
from Theoe % o now spply conditions (2) to (;\"; S;)  , obtatning

() 53¢ raan L pftssy)- PultsSi) 2o

3inoe R 18 n~linear and A is constant thess are a set of linsar
inequalisies of the fam [« (S;) =0+ Bech such lnequality
is elther satisfled for all § or for those lying on and to one side

of same hyperplanco passing through the stratepy simplex. Thersfore, the



Exe

(4

Simple Zxamples

These urs intended to Lllustrate theo concepts deifined in the paper

display special phencmene which cecur in these gnmese

“he Cirst player tas ilo roman letier streic;los and the payeofl’ to

la8%, otce

1 5acx <3 doa coluttoms (FratZb,larlop)
-t a.a 4 :-_E' Q 16 17 V7
<5 ba 5 Vi= 75 » V2= + Ve
S b o -4
2 laol 1 “trons Zolution: Q’J, ﬁ)
=10 A (> 10
Wb =10 VizVa= —|
“-1b{d -1
3 14 1 Unsolvabley equilibrium poipts (a,d) 5 (b [3) 3
=10 & P =10 ad (Y+ b/L 59X/ + g/czj e« Iho s‘k;'n-
«10 b % =10 tecies in the last case have maxiemin and
1bp 1 aini-max propertisse
4 lax 1 Strong Colution: all nairs of mixed strate-
Otb 1 slese +V+)
1 X 0 Vi = = Vi = Vi -
ob(®> o ' * g * o
5 lae 2 Unsolvablej eqe 3,’“' (a-,‘") ) Lb,ﬁ) and
-1 QAP -4 (Vea+ yub, /3x + '5'/3P) e However,
-4 atx, -1 ampirical tests show a tendency toward (ax().
2b( 1
8 lagé 1 Eqe piset (51-?9 and (b,(}) s with
(s S (¢}
0 g?; o (bB) an eample of tastabiisty.
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camplete set / which is finite_/ of conditions will all be satlsfied
simultanecusly on gome convex polyhedral subeet of pleyer J. S stre-
tegy cimploxe Intersection of half-spacaa.]
AS a corollary we may conclude that Sk is the convex closure

of & finite set of mixed strategies [ﬁerﬁieesj.



Doninance arnd Contradiction “ethods

ig oy thot Si' damipates Sf i P; (7&; S:’) > P.(Jt‘, S;)
Jor every _}{' .

This amousts 40 saying that S‘,: cives player | & higher paye
a’f than S! no matter what the strategics of 4the other playors are.
To see whethor a strategy S; domioates S; it suffices to consi=
der only pure strateglos for the other players becasuse of the n=linear-
ity of P'. .

It is obvious {rom the definitions that no equilibrium point can

involve g domirated gtratesy Si_ s

The domination of one mixed strategy by anotheor will always eontail
othor dominations. For supposs i domimates Si and  : uses all
of the pure atratogies which have a highor coefllolent in S; than 4n

S! + Then for a amall emough P>o

;- t + P(S;/—S:)

1s & mized strateqys and Ui’ dominates T: by linearitye.

One can prove a few propertiss of the set of undoninated strateglese
It is siaply occonected and is formed by the union of acme collection of
faces of the strategy simplexe

The information obtained by discovering dominances for one player
may be of relevance to the others, insofer as the elimination of classes
of mixed strautegies sa possible components of an equilibrium polnt is
concarneds For the € ’S whose ocmponemta are all undominated are all
that need be considered and this elininating some of the stratezies of
one playar may raks possible the alimingbion of & new class of strategzies
for ancthor playere
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Anothor arocedure which may be used in locating equilibriunm points
is the coutradlction~type anolysise Ilore cho cssumes et en oquilibriun
2eint exi having camporont siratesics lying within certalin rezions of
thg stratayy spoces and procecds to deduce [urtlicr cordiions which sush
Yo satisllied il tho Lypothacls s Wruse Tlis sart of resgoning may bo
carricd through several stnges to eventuslly obtain a contradiction ine
dicating that there is no equilibrium poixt satlalying 4he iniiial hypee
thesise



A Threo=inn Ioler Sane

4,

Ac an example of tho applleetlon of our thecry %o a more or loss
realictic case we include the slaplii'lsd poker game ;iven belowe The
rules are as lnllows:

(1) Th.e‘ decg 1s larce, with aqually many high and low cards, and

a hand conslatzs aof one cards

(3) The olayers play in rotation and the zame ends af'ter all have
passed or alter swe jlayor has opaned and the othors have had a chance
to calle

(4) If no one bets tho antos ars retrigvede

(5) Cthorwise the pot is divided equally emohy 4he bhighest nanda
which have Lot

e find it nmore setisfoctary to treat the sume in terms of quanti-
ties we call "belavior parsmoters” than in the normel form of "Thoory
of Gerws and Lconomic Sebaviors” In the normml fomm repressntstion two
nixed strategles of a player may be equivalent in the sense that each
mekes the {ndividual choose esach available oourse of action in each pare
ticular situntion recuiring acticn on his part with the sams fregusnoy.
That is, they represent the same behavior pattern on the part of the in-
dividuale

Bekavior paraneters give the probabilities of taking each of the
various possible sctions in each of the warious possible situations which
ray arisee Thus they deacribe behavior patterns.

In torms of bshavior parameters the strategies of the players may be
ropresentod as {ollows, asswaing that slnce there I1s ro point in passing
with a high cwd st one's last opportunity to bot that this will not be



«lle=

done. The ;reck letters are the mrobebilitliar of the varlous actse.

Pirst lLoves Secorq tlovon
CX- Open on high X call III on low
z (,)Openonlau AL call II on low
J& Call 11 and III on low
‘(' Call I on low 2/ Call IZT or low
v S Oven on hizh S Cell IIT and I on low
€ Cpen on low
SCanInndIIanaw Player II1 never sets a second
7 Cpon on low TOVee
127
"1 6 call I on low
{ Call 1I on low

Tie looste all possidlo equilidbrium points Y £irst chowing that moat
of the greek paramenters must vanishe By dominance mainly with a little
sontradictionmtype aoalyels (> s elinimated andwith 16 go Y5 S
and O by dominances Then contradictions eliminate s, ¢, N
and 2/ in that ardere This leaves us with X, S, € Y.
Contrediction analysis shows that nore of theas can e g0r0 or one and
thus we obtain a system of simultancous slgsbraic equationss The equations
happen to have but one sclution vith the werisbles in tts rangs (O,1) .

Tis ot
— 1‘ -ﬁjgil _ "a \ _ 17-_
- 1o ’ 7 - Y- ’ S‘ —.7':-‘_%'0_:("' » and
- Yot Ny i
€= tC . | )\ese qaeld X=. 30%, y:,GBLJ S:_}zg sy and

E': ooq‘Q’.
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Since there is only cho equilibrium polnt the ;nme has wvalucs; these are

Viz =147 = -—L_'—Jg‘/}g:i) 5 Vo = - 046= — l~f«x S amd.
= 29/ 1=%
V3 - 13- Ty (_ o) e

Tmvestipntion of the ccnllitlion rowers rields the fellowing "j;00d
stratecies” and wnlues for the varicus coslitlorse Parnmanters not mon=

tionec are zerce

I GM&]I. varsus ]I]:
R= 3y (=Y , 0£neYs
S= €=| value to TIL 2 -0315= V33

IL ond T versus T

S=1 ,€=0 X= 7‘/%
= s wlue to L 2 —[667 = - /g
I and versus i
high | low \
et [ Pass{]- """ S= 7 ,€=

vl to IL:  -II36 = =Yy

The ocoalition mewbers have the powar to agree upon a patitarn of
play befors the gan La playede This advantage becames significant only
in the case of coalition II[[ whors ]]T_ may opon after two passeas
when | had planned to pass on both hizh and low but will not open if




S A
I uac planned o bet if he got highe Tho vnlues given are, of
coursc, At whe single ployer assures hiieels wdth his Tsefe” atreso ye
A awro Getalled vrestnard of this jusa 18 Ledng nropared for pube

. -, Lt FE 0l e gd Y - A - - i T, 42 g Yy
icatlon giouiiorge Ll will ceosider Jlllorent relutive cizes o0 Lot

anG Coue



Hotivation and Interpretation

In this section we shall txry to oxplain the significance of tho

concepts introduced in this papere That 1s, we shall try to show how
cquilibz_*im.a,?ghin@‘ and solutions can be connsoted with cbaervable
phenonense

The baslc requirements for a nonmcooperstive game is that thore
should be no pre=play comunication among the players / unless it has
Do bearing on the game /e Thus, by implication, there are no cocalitions
and no side~payments. Because there 1s no extra=gmme utlility [ paywofs_/
transfer, the pay=offs of differsnt players are effectively incomparable;
if we tranaforn the pay-aff functions lineerlys P;= a:p; + b .
where A >0  the game will be easentislly the sames FNote that
equilibrium points are preserved under such {ransformations.

e shall now taks up the "mass-actlon® interpretation of equilibrium
pointse In this interpretation solutions have no great significance. It
1s unnecessary to asswuss that tho partioipants have full knowledge of the
total structure of the game, or the ability and inclimetion to go through
‘any complex remsoning processese But the partioclipants ere supposed to ace
cumulate expirical information on th- uhtiw advantages of the verlous
pure strategies at their disposale

To be more detalled, we assume that there is apopuhtion[intbc
sense of statistica/ of particlpants for each position of the game. Let
us also assume that the "average playing® of the game involves n xiurtici-
pants aslected at random from the n populstions, and that thers is a sta-
ble average frequenoy with which each pure strategy is employed by the
"average mexber® of the appropriate populatione

Since there 1s to be no collaboraticn betwsen individuals playing in
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different positions of the game, the probablliiy that a particular D
tuple of pure strategiocs will be exployed in e playing of the gane
should be ths product of the probabilities indloating the chance of
each of the n pure strategles o be exployed in a random playinge

Leé thcprobtbmtzy that T« will be employed in a random
playing of the game be Cial , and let §:=§.C:qTr.‘4 »

R=(S,51, 2+~ Sn) o Then the expected pay~off to an indiy-
{dual playing in the i th position of the game and employing the pure
strategy Il;¢ is P‘(A; Tr.'oc) = P.'al C'-d-) .

Bow let us consider what effects the experiemce of the partiocipants
will producee To assume, as we did, that they accumulated empirical
evidence on the pure strategies at their disposal is to assume that
those playing in position | learn the mumbers ;o (<) .
Sut if they know these thoy will amploy only optimal pure stratezies,

1e0¢, those pure strategies - I{;ol such that

P." ae) = mﬁ\x Piatd) .

‘(posequently since S  expresses their bebavier S; attaches posi-

tive coefficlents only to optimal pure strateziss, so that
Tais'ued tn 5; = [a ()= WX L)

But this 18 simply a condition for _¢ to be an equilibrium poimte -
L see C#-),Pj;‘?

Thus the assumptions we mede in this "mass-action" interpretion
lsed to the conclusion that the mixed strategies representing the average
behavior in each of the populations form an equilidriwm point.

The populations need not be larce if the asmmptions still -.:o !4
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© 11 holds There sare situations in economics or international
politics in which, e¢ffectivoly, a group of interssts are involved in

a nonwcooperative pame without belng aware of 1t; the non-ewareness

. helping %o meke the situstion truly non-cooperative.

Actually, of course, we can only expoct some sort of approxinate
eugilibriun, since tho information, its utilization, and the stablility
of the average frequencies will be lmparfecte

We now sketoh anothcr iaterpretation, one in which solutions play
a major role, and which 1s applicable to a game played but once.

We proceed by investigating the questions what would be a "rational®
prediction of the bebavior to be expectsd of rational playing the game in
question?! By using the principles that a rational prediction should bde
unigque, that the players should be able to deduce and maks use of it, end
that such knowledge on the part of esch player of what to expect the
othera o do should not leed him to act out of conformity with the pre=
diotion, one is led to the concept of a solution defined befores

12 Oy,91,- - Sn ware the sets of equilibrium strategies

of u solveble gane, the “ratioral” predibtion should bes "“The aversgs

behavior of rational men playing in position | would define a mixed
sratagy S; 1o S  if = experinmt were oarried out."

In this interprotation we need t0 usaww the players know the full
structure of the game in ordor £o be able to deduce the prediction for
thenmselvess It is quite strongly a ratiomalistic and idemlising interw
pretations

In an unsolvable game it scmetimes happens that good heuristic
reasons can be found for narrowing down the set of equilibrium points to

. those in a single sub-solution, which then plays the role of a solutione
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In goneral a sub=sgolution may be looked at es a set of mutually
compatible equilibrium points, forming a coherent wholee The sube
solutions sppesr to give a natural subdivision of/za’;g of equilibrium

- points of s zames



Applications

The study of n~person games for which the accopted ethics of falr
play imply non-cooperative playing is, of course, sn obvious direotion
in which to apply this theory. And poker 1s the most obvlious targete
The analysis of a more realistic poker game than our very simple model
should be quite an interesting affair.

The complexity of tho matheamatlical work needed for a complete in-
vestization increases ruther rapldly, however, with ilncreasing complex=
ity of the game; 60 that 1t seema that apalysis of a game much more oaoe
plex than the exmmple given here would only be femsible using approxi-
mate camputational methods.

A lesz obvious type of application is to the study of cooperative
gamese By & coopsrative gue we mean & situation involving a set of
players, pure strategies, and pay-offs as usualy but with the assumption
mtmphw;mmmlcommuu they do in the von Eeumann
and l!orgmtarnxthooryc This means the players may comasuniocate and form
coalitions which will be enfarced by an émpires It i unnecessarily
restrictive, however, to sssume any transfersbility, er even comparebile
ity of the pay-offs [which should be in utility unite / to different
playerse Any deaired transfersbility can de put into the gams itself in-
astead of assuming it posaible in the extraegams collaboration.

The writer has developed a "dymsmical” approsch to the study of co=
operative games based upon reduction to non~cooperative forme One pro=
cseds by conatruoting a model of the pre=play negotiation so that the
steps of negotiation beosgle moves in a larger non-cooperstive game / which
will have an infinity of pure strategies_/ describing the total situation.

This larger game is then treated in terms of the theory of this peper
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[ extended to infinite gnoq] and if values are obtained they are taken

as the wvalues of the cooperative gamoe Thus the problem anslysing s

cooperative game becomss the problem of obtaining a sultable, and con=
vincing, non-cooperative model for the negotliatione
| The writer has, by such a trcatment, obtained values for all finite

two person oooperative games, and some special n~person gamese
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