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dovclopa mothoda tor the mathematical analyGia of $Uch pmea. :he 

togies and r,a'j't-ott tunctiona det1ned ror t.'1.e oombinationa of :,ure 

strato:;1ea. 

The d1atincr-vian bO"t11een 000:,orative and non-cooperative sam• ia 
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e.::d ;,e.:,,-o.tr functiom ot c ~• ~ther. it del)Gr.da on t.'us :,ona1!Jll1tj 

or impo&o1b1llty ot coallt1om. oo:m1nicat1on. am aid.-pa.~ta. 

The concopta ot an equil.lbrlm pomt. a ao1ut1on. a avong aolutioa., 

a •~u"tic&l• AllCi valuoa &re introduced b1 matbaatical dc'init1'xla. 

And in later aecticm the 1.ntm-pretation ar thote ooncepta 1n non-cooper

at1 w ~ 1• diacuaa-4• 

' .. 
pu ot at lean one equ111brlua po!n. Other·ruulta oonoem ~ geo-

lllltrica1 atruofmre of the •et ot equ111brlum po1nt1 ot • .,. ... with a 10-1 ' ~. 
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~ lution.t the ~ ~ aub-eolutslom, ud the ainenae ot • •)'Wt.rl-1 
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Introduction 

Von treumanu and !Jorgenstorn have developed a very fruitful theory 

or two--,erson sero-eum games in their book Theor", or Games and Economic 

Boh.o.vicr. ?~.i~ b_ook also containa a tr.ecr:, of o-:>erson QUOOS or a type 

wtich wo would call oco?erati vo. Thi3 theo~J is baaed on an analya13 

or the 1ntorrelationahinG of tho vnrious coalitions which can be fo~d 

by the pla!rers of the cam• 

Our thoory, 1n contradistinction. is baaed on the abser.oo of coo.li

tions 1n thnt it is a&&Ut:lOd t.;at oach nartioipant acts indo~endently. 

without collaboration or oommunioation with any ot the othorn. 

Tho notion of an equilibrium. !)Oint la the basic incrediont 1n our 

theorJ• Thia notion yiold4 a .;;emrAl.1:ution or tho conco-:>t of the solu

tion of a two-!)eraon sero-eum ~• It turns out that the set of equili

brium pointa or a two-person :ero-aum gaos is simply the set al' all paira 

of oppoaing • r;ood strategies." 

In the 1:u:iediately follaw1ni, aectioDB • aball define oqullib~iwu 

pointa and prow that a t1nite coll-Cooperative game always has at leut 

one equ111br11A"1 point. :re •hall alao 1.ntroduoe the not1ona of aolvability 

and strong aolvab1llty of a DOD-Cooperative g- and prove a theonD on 

the geamtrical atruotura t4 tbe Nb ot equilibrium point• ot a aolwbl• 

game. 

Aa an oxo::q,lo ot the application or our theoey wo include a solution 

or a aimplit1ed three person poker t;amll• 

The motivation and intorpretntion or tho mathematical cono41?ta em-

• ployed 1n the theory are reaer-n,d for d1iscuaa1on 1n a apeoial section ot 

thi.11 paper. 



In this section~~ define the besic concept3 o~ this ~ar,cr and set 

u~ atnndard tor::u:=.ology and notation. I:aporta:lt dof ini tiona will bo 

proceeded by a auh-title i~cicati~g tho conce~t defined. The non-coc~ 

erati .. :-e i::!ea ~111 be implicit, rnthor than oxplicit, below. 

Fi.a.its Ge.me: 

For ua an n-nerson Cru:18 will be a set ot n ~la:,ors, or ryositions, 

each with an aaaocintoci finite set oi: ~ strntog1oa; and corros?or.dinc . 
to each player, I • a no.y-ofr runot1on, Pr , which :apli tho aet or all 

n•tuplea of pure strategies into the real nu:Dbers. When "Ne uno tho term 

n-tu'Olo we shall always ocan a sot oJ: n item.a, with oach item a~:iooiated 

with a different 9layer. 

• A mixed strategy ot player , will be a oolleotion of non-ne:;at1ve 

numbera which have unit aum and are in one to one oorreapoadenoe with hia 

pure strate,1ea. 

.le writ. Si=~ C ic(. TT i o1. with 
Cl(.., 

to repreaent auch a mixed atrawa. where th• are tho pure . 
atrategi•• ot player I • We regard the 

plea whoae vcrticea are tr.o 1T ; ol 'S • Thia simplex t1ay be regarded 

as a convex subset ot a. real vector apace. civing ua a natural prooeaa ot 

11.cear cotabinaticn tor tho ::u.xed atn.tec;iea. 

We shall uae the autrixea i,j,k ror player• and ol,~ ,~ to 

1.ndia.to wrioua pure stratet;ie• o£ a pla)"tr• Tho •~la $; , t; . 



ca.te tb.o i th player• a ol th pure strateey • eta. 

which i& linear in the mi~ed stratscy or each pla:,ror L n-11::.onrJ. 

Thia i:Xtonsion we shall also donota by A- • writinG P;(s.,s~.,--• Sn). 

··,e srall wr! -to ~ or ;;t::: to denote ttn n-tu:,lo cf :ni.:cod :ztrata,:ios 

Such an n-tu,le, --<l • will also ~e regarded ns a ,oint ~o a vector s,:,11ce, 

th~ mixed stratec:ies. 

For convenience we introduce the eubat1 tution notation 

where 

tiona 

(A; t;) to stand !or 

-J...-== (s./sc,. ..... S"t>) 

Cs,, Sr.., ••• s:-•, t: ,s ..... , • - • s .. ) 
• The effect or successive subat1tu-,,,. 

((A-;t.) ;+J) we i?Jdicato by ~;t:; t"j) , etc. 

An n-tuple /4 1a an !9,uilibrium P;Oint it and only it :ror flVU':f i 

(1) • 

Thua an equilibrium point is an n•tuple ~ Kuoh that each r,layer• a 

mixed strater;y ma:i.Wzu his pe)-.aff if the atratacies or the others are 

held flxeu. Thua oaoh !)layer• a strategy is optimal again.at those of the 

others. We •hall oooaaionally abbreviate equiliuria point by Gq• pt. 



fie aay ~hat a m..-:ed strategy Si ~ a rure strata :y 1f";~ !.f 

?i:: l c~ Tf;ot. and C ~'3 >O • :rr ~= ( s,~>i., _ - • • S "') 

cr.d S; ucoa Tf ioc we also &ay thnt ~ uaea aT;at • 

:'rem t!-le l!nee.ri ty of 11 ( 5,~ • • • 511) 1n S; , 

(2) :I;';~.s [P:f-<t;t:)] =- vv:~l_P;(-4 ;1T;e1.)] • 

R~f4-) -= Pi(A; rr.ac.) • Thon we obtain 

the tollowinG triv!al necesonr.,-1 and auf.:'1cient condi'tion for ~ to be 

\. 

(3) • 

u ~:: ( s,,, S-i., • •• s") and 

f;~) .= ;e:o1. P.·at~) , oonaequentl~ for 

whonevor 

which 1a to aay that ~ doea not uao lTi ol.. Wlloaa it ui an optical 

pure strntee7 for pla:,or i • so we urite 

(4) if Tnot 1a uaed in --4.. then 

aa another neceaaary and autficiant condition tor an equilibrium point. 

Since a criterion (1) tor an eq. pt. can b• apreaaed •• tho 

equating of two continuous tunctiona on the apace ot n-tuplea A.. the 

Oq• pta. obv1oaaly ton a cloaod aubaet ot th!a apace. Actually. thia 
V\U'MbQ..,.. 

subset 1a formed frcn a ~ or pieces o£ alb•&raic variet1 ... cut out by 

other alcebraio vnrietiea. 

• 



Existenco of Zquil!briwm ~'o1.ats 

I have previously published f Proc.:. l£!. !!. !.!. 36 ( 1950) 48-49J a 

proof of -t~c :-esult !=olc-;: based on l:al( utnr.i~ beneralized fixed point 

theore.o. 'l'he proof bi ven here uaes the Brouwor -theore.:n. 

!htt ~hod ia -to ,set U!) t\ i.,equence of oontinUOl.18 mitpp ~s, 

whoee 

fixed :,oi~ts have an eq_uilibritua point H limit !)oint. A limit cappinc 

exist•• but i.s discont!.1:uc-J:l, n."ld :icecl not havo au~r fixed points. 

TllEO. la Evor:, finite game has an equ1libriun ?oi.nt. 

Proo£, Uainc our atandard notation. let -<l be an !l-tuple of mixed 

atrategiea. and 

pure at.-.tegy 

tho pa,-.orr to ;,lnyer ; 11· he ueea h1a 

Tr.ot and the others use their rcspect!n ml.Xed strata-

g1ea in -<i.. • i-~ar each 1.nte&Qr A we doi'ine tho following continuous 

1'unct1ona of~ , 

q,·t'-J ~~ P:ctl-<t) • 

c/J;ol{--4.,~ = Ho( f4.) -CJ:("'.) + 1/),_ • aJld 

¢ it f-t.,>-) = max [ o, ¢;o1. (-4. ~ A) J 
~ ¢1(--4.,>-) > mt-x¢tH~J = 1/)-. >O 

°' 

• 

<6t(-4~ 
L ~;t(-4,A) 
Cl 

1a continuoua. 

ner1no s{bi_,)\,)=: L1T:O(C.~C<,')..) and 

-4 . .'' {,-it~ -,...) ::- ( S .'7 $ f., • • • S:,) oc • £ il:c e all the operatioDII 

1a con-



tinuouaJ and sinoe the apace or n-tuplea, -d_ • 15 a coll, thero auat 

bo n 1'1xed poillt ror each >--.· . lionce thero will bo a aubaoquence 4,-..._ , 

; cotmJrt:~ to -<t..* • whGre 4~ ia !'i:ad under the :JAP?~ .A.➔A'f.t.,/(~)). 

now •upp_~•~ ~ 3t- wore not an equilibrium point. Then i! . 

-<fir:-.:::. (s,*, · .. s#) aomo c<=ponmrt 5;* must be non--

optimal egainat tho others. which moans S;* uaea ~OtXJ ~ atratoQ 

lf:ol· which i:s r.on-optital. £aoo (4-) J (1, .. 4-J :-luu ~ that 

P;ol.~*) < Cf ;&,.t..*) which juatit!.oa 

P;~A*) - C/; (<t*) ~ - E • 

I [hot (--<t,-..) - 'iif'lrtD - [!1oel4JfJ - Cf: (-.l*)] / <74 c.-.l. ¼) <. ½_. 

AddiJlw p; o<: (-4.) - lf ,• &<J_.,.) + 1/)'.(r.) <_ Q whioh 1a 

¢ jo{ (Al'\-, l'(.r•-l) < 0 J ... ~~ ¢! (4,._).(r.j}.:o,-ianoe 

Ci~ ( 4, /\{_,-..)) == • 0 • From th1a last equation we know that 
-V;at 1a AOt Wied 1A Ar- dJ1N 

.A.14 = I 1T:ot C ;-:C (4.,.. _, NJ-i-J) , beoauae A14- 1a a 

t 1Xed po.1111J. 

A.ad ainoe --4..~-4 .-4.Jt- • tf'iol • 1a Dot uud 1n ~7't- • 

which contnd1n• our uaumptS.on. 

ne.aoe -4-~ 1a indeed an equilibrium. point. 



.An autonvlZJ?hi!~ or ail??:ffhrJ., of a ~ will bo a portrutatic.:: of 

1ta p~ atrategios which at1a!ioa oortai.~ condl-t!on.G• civon bolOII'• 

If two atratogiAa bel®t; to t& a~o pla:,rcr ~11fr; tn1Bt ~o into t-.-10 

otnitet;i~ ~-~ to a sin;;lo pla:,cr. Thus !1' ¢ 1:J tho ?er::zuta

tion of t.'lo :,u.~ atrnto::;!oa 1~ !nducoa a ~11t!on <j-1 or the 

pla~a. 

Each n-tuple at pure atratocioa 1a therotoro per::iutod into another 

n-tuplo of pure strato~OD• ·••o 2-y call X the !.nducod ~or:::utat!on 

or theae n-tuplea. Lat S denote an 11-tupla ot pure atrategiea and 

P;~) the paro.rr to p~ i wben the n-tuplo s" 1a _. 

ployea. ,-.e require that it 

. , 'f 
j=- I then 

which canplatea the def!ni tion at a l~r'J• 

The penn.ttation ¢ baa a wuqutt Unaar extena1011 to the Jldxlld 

nnte&ta• It 

!'he extenaion ot ¢ to tho :L1..ud atn.tegiu olearl.7 gemntea an 

oxtena1on ot )( to the n-tuplM of &\ad nra~. w. ahall ai.o 

d.cot. tbia by 7<- . 
We detine a •YJIIIIR1'1o Jl-'Wple -4. at a gaa l)y 

--,;l"= A toz, .u X ~s 

it being Wlderatood that A meam a permutation derived trGlll a a,-..try 

¢. 



'riEO. 4a Any !inite ~ hu a ayt100tri0 equ!librirn !)Oint. 

:-'rooi't Fi.rat we note that 

'Sia= 1-rr;o1. baa the ;,rope~y (Sta)¢:= ';ja 'llhare 
r·, 

J,, -- j lf. •·'·tro·~t the o-tuple /4:: ( 5,o S-..o • • • SrJc>' 1a 
~ ✓ .I 

f!;;od under an-:, X J hence any GntlO ho.G t1t lonat one a~':Xletrio :)-

tuple. 

u A~ (s,✓ • ··Sn) 

:ztrio them Sr<fj 1a so 

too because c..une~ j;::; i 'f J hence 

= ls;J:+ (t;)¢c:: ls, ;t) ¢' hence (:-4,rt-)x := At~. 

Thia al10W6 that tho &et at s-;:anetr1c .n-tuplea 1a a convex aubaet cf 

tho apace of n-tuplea ait!ce 1t ia obvioual:, cloaed. 

!low ob•"'""' that for uoh A the •pping -<f.-:,_,J_ ,, (-t. ~ A) UHd 

1.tl the proof of ex!atenoe tbecrea •• intrinsically defined. Therefore• r'"' .. -: J.,·t ... ,,.. • -· 

1t -4-1.. ~ -<L" ( A., , "i'-) and -X." 1a -~ -~t~ morphia ct the r;ama 

wewUlha.To A;J<. = ,4"(4:x,'>-) . u ~. ,...,_.. 
trio ...4. ;x. ::: -4, and there.rare -4. :f = -<L. / ( -4.,, A-} = -d.1.. • 

COuequctl.7 thia applng mapa tt» •et ot •~c n-tupl• 1.trto 1ta•lt• 

Since thia aet la a cell there Jlt.J8t be a •~ ti.xed point -J. ~ . 

And. u 1n the proot ot the a!atAnco thGoi-c w could obtain a Unit 

poi= _,4,_k Wh1ch would bav• to be ~tr10. 



~olutiona 

1\a <lofi~e here solutions. atront; solutions, and cub-solutions. t,.. 

no~oopera:ti ve ~ dooa not alwa:19 haw a ::sol:..-t ion, but whon it doea 

the .aolution l.:l unique. ~one solutions aro nolut!.cns with u~ci&l 

0: solutior£, but lo.C¥ uniql.2eoeaa. 

S, will denote a aet of m1xad Gtrateciea of player j am!~ 

a aet or n-tw.,loa of r.d---;cd atrnte;iea. 

Golvahilityi 

A :,uae 1a solvable if 1ta set.~ • ot equillbriua pointa aatia-

i'1ea the cond1t1oD 

(1) 

Thia 1a c-.lled the -b1l1ty condition. The solution of a 

aol•ble game 1a 1ta an.,£• or equ111hr1ua poim:a. 

strong solwblli"ya 

A CJU1111 1a nrpslJ: aolwbla 11' 1t bu a aoJ.utS.on. .J._ • Rah that 

tor all is 

1a oalled a~ aolution. 

Equ1llbr1ua strategiaa 

In a solvable , .. let .)i be tho an ot all m.1:ced atn.~e• S; 
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such tr~t for sane ;:r the n-tuple (__:i; S;) 1a an ec;.uil1brium 

point. £ S; is the i th component o.f SCi:lO o~u111~!.um point.J 

Z!o call S; the set ot ocu1libr1um st:-nto-c6!.es 01~ r,layer 

:r .J 1D a aubaet of tho aot of equilibrium ,01.nta of a t;ame and 

:sati.BfiN condition (l); and if d. 1a m-rml rol.At.170 to ~'lia ?ro

r,ez-ty t~..n ffll call ,J?. a at.d>Bolution. 

?or any uub-aoltl""...ion ~ we dotino the i tJl factor set. S; • a.a 

".:ho aQ1; 0: all s : / s auah tl-At .Jl coma, M ( ;,(;""; s ; ) tor GCICII 

;;t- . 
Nate that a aub-aolut1on. when "-111<;:ue. 1a a aolutionJ aJld ita tutor 

aeta are the aeta of 411qull1brium atn.te&i••· 

TRro • 2 s A aub-aolution, ~ • 1a the set of all n-tuples 

(s,., 51..,. •· S") mob 11haia each S.i E s;. where S, 1a the 

i th taotor Mt ot J • Oecllatr1oally. _ei_ 1a the produ~ ot 1ta 

taotor a.ta. 

=1 ...:::t ~ ;;t;.,, _ •• _, ;;t"" 8tlDb tbat. rt:r •ch r 
• a:, det1n1t1on 

ft";· ; s ,-k-ef. . 
U.irlg the oond1t1on (1) n-1 timee w obtain auccoaa1'"1.:, 

0=,;s,;s .. )e-.J, • • • , (*.;s,; s .. ;s.3,;. -- ; s..) E-J am the 1an 1a 

•1J:ir,~ (s,.,s .. , •.• s.,)fj. whiahwo neoded w --· 

TllEO. ~ The .L'aotor aota S' •., S 1-., • • • ~ Y\ ot a aubwaolut10'1 

are oloaed and OOllVIIX aa aubaeta ct the a1Zlld strategy apao•• 

S; and 
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then Si*= {S: +stJ/2 .. € S'i ; (b) ii' s;* is 

a limit point at S, then Si-:f:tf Si • 

Let _;;t € .£ • Then we have 

for any °tj , by ueing the criterion of (I) , P9· 3 for an eq. 

pt. Adding these inequalitiea, using the linearity or I} (s,, ... s.,J in 

Si• and dividing by 2, we r;et PJ(t-; $;7f:} ~ i}(A;'~/f;t_;) 

:since S; * ::::: ( S; + S; 1 ) /'1. . :'rem t..'1is we know that 

{.?t; Si -JE;} ia an eq. pt. for any ..:::t'" e ~ • Ii: the set of 

all such eq. pts. {?t; c; :*) is added to ~ the aUGDBnted set 
I) 

cloarly aatiai'iea couciitiOJ'.l (1). anci aince -d._ was to be maximal it 

followa that s:* E- S: . 
To attack (b) note that the n-tupla {:t; 'S: 1F) , where ;::,f-c~ 

(+; Si) will be & limit point of the aet o£ n-tuplea oi~ the form. 

where S; t S; , ainoe S; -=If:- is a limit point of c_;i • Eut 

thia aet 1a a aet ot eq. pta. and hence any point in its closure 1a an 

eq. pt •• aince the aet ot all eq. pta. ia closed f:_see P'J: 4-J • There• 

tore 0-; S; ~) 1a an 84• pt. and he.no• 5',~- '= S'; tr0111 

the aame argument aa tor • 

valueas 

Let .J_ be the set of equilibrium poillta of a gu.e. ;fe define 

\/j+_ :::L[P:t4-J] , \/;-=: _:;:t[Pd-:.ti] • 

'- ,~+ - ... ,.-
"• .- VI we ,rrite • 

the upoer value to player i of the game J '1;- the lower valueJ and 



-12-

\/; the value, ii' it cdata. 

·1a1.uea will obvioualy have to exist if there 1$ but ono ~uilibriura 

point. 

One can detine associated ·nu.ueo ;:or a sub-eolut1cn b:, reatr!otioe 

-J- to ~ ·:.. -pta. 1n tho aub-oolution IILa then uai.n,:; tho same defl.niog 

equatiorus as aboYe. 

·"· tvo-peraon zero-eum. ~ i:J alua:,,1i uolvabl~ in the G&nae dei'inod 

abovo. The aeta of OGuillor1um IJ'tratec!oa S, are sim{,ly 

aol'VllbloJ stralJ; t.JOlutio.918 GX!.at only when the1~ ia. a "uddla l)Oint11 1n 



Geamotrical Form ot Solut!ona 

In the two-person 1ero-aum oaae it hao boon shown thnt tho Ht ot 

"cood" atratocioa o£ a pla~-er 1a a con~1ox polyt.oci.~ subset o.f h!.s 

o.t equilibrium strata-

1,roo.f t .i.ll n-tuplo 4 wi;.l ":le ~ oquilibr!.ua point if and only U' 
• 

tor wer-:, , 

llhiob 1a c®dition (S) on pate 4- • An equivalent condition 1a for 

(2.) 

Ln wa 1lOW oocaider tbl tona ct tb9 Nia 5 j ot equil1br1ura nrate

~io•, Sj • ot p~ j • Let ;,t bl aq equil lba-1\a& poima, t.beA 

(;t ; SjJ w111 be an eqw.lJ.br1ua point 1t and oa1y 1t s; E. Sj: 

:rca Theo. :. We now app1: oom1t-1ona (2) to (A-; S;) , obta1Juag 

SlJJH P: a 11-linear a.cd ;c !a conatant tbeae _are a set ot linNr 

J.nequalltie■ ot the tan. f;.,.. ( s;) ~ a • Euh auoh 1mquallt)' 

1a either aat1at1ed !or all. ~ or tor thoae lying on and to one 1ide 

ot 1aa hn,erpla.ne pua!Jlg through the atrateg, • ■bpla. Tberetore. the 

• 



the loft. otc. 

Ex. l 5 (lo(.. -3 

-4 "~ 4 
-S bat 5 

-- b ~ -4 "' 
-·\ .., 
..:..x. '- l a..ot l 

-10 <:l. \1:, 10 
10 b~-10 
-1 b~ -1 

Ex. 3 l 4.ol l 
-10 CL\' -10 
-10 b O<. -10 

lb l\ l 

Ex. 4 la..C(.. l 
Q<l. ~ l 
l \o o( a 
o\:J~ 0 

::x. 5 let.. Cl( 2 
-1 q e, -4 
-4 ht<_ -1 
2b~ 1 

~.e 1 a..Q{ l 
o Cl. rs 0 
Ob~ 0 
o b r., 0 
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Simple J;amplee 

Unaol vable J equil1br1ura _po~ ( a 10l. ) , (k /3) ~ 
anci ( 'vi..-+ b/~ , .::<A + '5/-z.) • :ho at.~-
teGiea in the last caae have maxi-min and 
~m.-!:lnX pror,erties. 

• with 

an cample ot 1mtab111t;y. 



co:iploto :.et £which 1a t1nitoJ ot conditiona rJ.l all be sat!.si'ied 

si::lultaneoualy on acmXJ convox polyhedra~ eubset of pla;rer 

te~; ci;aplo....:. £I.nteraect1on of he.lf-Gpaoea.J 

A& a corollary we ?!Jay concl1..ttle that S k i.a the couve.x cloeuro 

of ai !'inite ~.·~·mixed strntoeioa £ ver";iceaJ. 



D00-1 Mn.CO a&d Contradiction !rethoda 

,Jo a.~,.- tl'..e..t 

ror every _;t-. 
~ . 

':his_ ~~~ ~o Ga:,1.nG that S; t:;ivus pa:,cr I a hiJlcr ~._ 

o:tt than 5: !JO r.atter 11hat the titrute~io:J or the other plaj'Ors are. 
, 

To aee whetb.or a strateQ' ); dominates Si it aufficea to conai-

d•r only pure atn.t9&ioa for tho other !.)lcyera becauae of then-linear-

1ty o1" P: • 
It ill obvioua £ram the definitions that ,.a2 e5uilibr1um zoint ~ 

involw .! domi.oated atratep ~• • 

Tho d01:1ination at one m1Xed atratea ~✓ another wUl alwa:/8 entail 
.I 

o'"~ daminatior..a. For auppoae 5i dominates 5~ a1Jd t: uaoo all 

than 1n 
I 

S. • :hon tor a amll enou'1l p :::ac 

-t/= t; + f (5(- S;) 

J-•• ' 1a & a1xed a1:rateg"J am \. I dcraillate1 i; h)' liDearitJ-• 

C.ao ea11 prove a tG'W proportiea ct tho aet at Wldaminated atnate&U•• 

It ia •~~a.Gd 1G tonaed h1 tM lmion ot ama oolltte'Uon ot 

taoea ot the •U"lll'brlU' a1mplex. 

The intonation obtai.Md by diaoovorirlg dom.nano• tor one player 

-, bo ot rel.nano• to the othen• J.mofar a.a tbit elim11:ation of olu•• 

ot mixed nn~• •• poaaible oomponenta ot an equil1br1ua po!= u 
CODOGl"nede For 1:he ;t 1S ~ OOIDpODltDta AN all undatll.i.mted aN all 

that need be coMidered and th1• elhd.natinG acmo ot the stratec1H or 

one pla,-r ay tam posaiblo the ollmination ~ a new olaaa ct atrateciee 

rcr another playv. 



-lG-

"4.nathcr :n--occdure which =-:t· bo uaod ill locatizlG ~uilibriUL1 ,ointo 

!.s the CQr .. trutlict!.cn-~e ar .. alysit;• Eore c?'.o t:.s:.ua::; tl:at a.ti Ofiullib~iun 

?Cint e~!..at:. bavinu ca:zponcnt at.,teu!.oa l;JicG ·.vithin certain ro~!.ons ct 

-:ho s-t:-n-t~: :..~coc a.-:d :.,rocccdl! to cec.h.tcc i"..l...-t1icr coc.diJ,;:!.or..a 'Hhicl~ :wt 

bo aat~!.ed ~, tho ~?otll.OC!.a. ~ -~.1.0. ·:1~ aart er :-tlWlon!.n.; ~· be 

can-ie<i t..l-irouGh aoveral &to.Goe to evo.r~tu.lly obtain a oontradict1on in-

dicati:4; ~t there iz no equil!.briu::i point utiar~~ t.he ini -:ial ~7c-

thea1&. 



rcali=t!.c co.so \1IQ include tr..o si:npli!'iad. :,ck.or ~ ~iven belaar. Tho 

~es are ru1 :~11a~s1 

( l; ':he dee 1: is 1ar :;.c, 111 -th aqunl 1 :-· :~~- hi&1 and 12! cards• and 

a ~d conaiata ~ one cartla 

(3) The :,layora :.,lay 1n rotation and tho~ encs Q.fter all ha9JO 

puaod or ar-~er .J.t.e ?~or linn o:,~ec ar.d -l;!:o ot!1ora ha-re had a cbulce 

to call. 

(4) I.f no one beta tho antaa are retrioved. 

(5) Otborwiae the pot ia <l1viaed •ciually ~ the h~st l~ 

which ha.70 bot. 

~-1o .rind i"'.; :x>ro ::ati&'o.ctar:; to treat the come 1n torma ot quanti-

U. w Gall "beha'Yior ~-- thaw ill tba nonml to:m ~ tt~ 

~ a.ma and lJconmaio .}ebaT1or." In tho normal i'om repreaentat1011 two 

mixed atrateciu 'at a p~ J1111 btt equivalent in the aenae tbat -.oh 

makee the individual ohooa• •ch a-vailable oourse oi' action 1n each pu

t1cular a1tuat1on nquiring l\Cticn on hi• ,artt•with the eaa tntquenoy. 

That 1.a• they NlpNNll1; tbt .... bebaYior pattern OG the pan ot the 1D

d1vidual. 

Bel:aTior ~• give the prcbabil1t1ea ot tald.nc ••ch ot the 

vu-ioua poaa1bl8 actioms 1'1 each ot the ~1oua poaa1ble a1tuat1oaa which 

-, ari.N• l'lu.wa tbq deaoribe behavior pattorna. 

In tenaa of behavior pa.rwtera the atrateg!.• of tha pla1'ft -.y be 

roprnentod aa rollowa, e111mjnc that a1noe ~here 1a co point 1n puainG 

with a hiGl; card at one'• la.at opportun1 t:, to bat that thia will not be 



dOM• Tho ~-ook letten ara tho probe.b111t!cm or tho varioua Gota. 

Zococ.ci !!OVOU 

o(. Open~-~ k Call I:.: on ~ 

~ Opon on~ /\..Gall n on,.2. t 
I ,.._ call ll and II! on.!£!_ 

i Call: on Je.!! -zJ Ca.11 I~! on low 

~ Open on him ~ Ct.ll nr and :: on ~ 

I E Cptln on low l -
~ Call i and :a on ~ P~ llI t.ffer t;crta a HOOl'li 

~ Opon onJa! i:x:,ve • .,...,. .... e Call I Oil low -
i Call I! on low -

We looato all porus1blo equillbriuCL pointa ~ tint ah.owing b.t moat 

ot the creek plU"WD.tera mu.st 11Uliah. By dom,naM• mainly •1th a llttl• 

oontrad1otion-t;ype ~1a f., 1a eU•Saated and with it go ~, ~, 

aDd t9 by domS ,.,,... Then oonvadlc\S.ona elbdnete ~, ~, (., A, }< _, 

am V ill that orcter. Thia leavu ua With 0(, 2> , € UIS YJ • 
Contrad1ct1011 a.nalyaia abDwa that AOCe or theu can be aero or one and 

tJwa we obtain a system ot ail:w:tar.ooua al.pbra1c equat1ona. ?lMI equat10Jla 

happen to haw but one aolutian 1:ith the -variables ill tl:.a racge (0.,1) • 

,J_ i_\ -fill 11- t;ot+I 
V\- JO • / - 4-

S= '=7--~c( 
, ':,+o( 

€ :::. ~ «-l . These u 1e Id 
ct-t t; -. o<:=. loi., "1==. G "!>I;, 'b = -~" > .._ .. J 



~1nco there is onl;, cno equil1br1ua point the Game has values J these are 

!nwut1L-r.tion ot the conl.1 t!cn r>0\'10l9S ;ieldn tho f'ollowinz "t;ood 

G"--,ruteciea" and 'Vil~ !or tho vnricc:: CO!llitior..c. ~ters not !:lf»C-

I 
h~h. 
bet 

pass 

I ~aJI. 
o{ = ~;.,, 

~= €=I 

versua I[[ 

t-=- v~ , o~,~ ½ 
value to III' : • 0 ~ 11.. «, ~ 1/l i. 

][ ~ c1 III. 'ftlnua I 

o<-= ½ 
..iue to I : -. J,G7 = - 'lea 

~d nr WNUS 
-n 

low 
I 311, 

pct.S\ - - .. --· .,,=o ~ -= 1/.' , € == 3/,1 
~ss -·----- 1-= '¼ 4af. I 

- '=-"/4.Y-valuo to I[ : _.,,~,:::: 

The ooal.11.iOA •mbera ha.,. tho power to a&r90 upon a r,attern ~ 

play bei'ore the pm 1a pl.a,ed. Thia ad'ftntaG• became• a1'niticaat. only 

in tl'-..a case of coalition I JI[ whore 'JI[ :;ay open after two puaea 

when I h:1d planned to pua on both hifii and .!!! but will not open 1t 



.. 



Uotivation and Interpretation 

In thia aootion we shall tx-1 to oxplain the a1cnif1cance or tho 

concepta introduaed 1n thia paper. That ia, w ahall try to ahotr how 

equilibrium pointa a.ad aoluticma can be connooted w1 th obaervable 
.- -

phanomena. 

The baaio requirements ror a non-cooperative game 1a that thare 

lhould be no pre-play o~ication among the play.I'll£ unleaa it ha• 

no bearing on the ~. Thus. b7 im.pllcation• there ar• no coal1tiona 

and no aide-pa)'Mllt•• Decaun there 1a no extra-game utility£ pay-ottJ 

tranater, the ~t• ot d1tterell'U plaJer• an ettectiwl7 1.ncamparabl•J 

1.t ... tnllatona the ~ tunctlona 11neari,. P; ~ a~ Pi + b: • 
where <l;>o 

equilibrium point. are preaened under auch i:nnatCl'llltiam • 

l'fe •hall now take up tbe •maaa-act1on• 1nterpretat1011 ot equilibrium 

poin11a• In th!.• ~tion eolvtd.ona haw nc, great a1pit1ol.noe• It 

1a mmeoeeN17 to uame that tho pllftloipanta hne .tull knorledce ot the 

total 1tructure ot the pa. oz- the abll1"1 and 1nclimt1on to rP tbNugh 

• any ocmpl• reaaoning proa•••• B1R the partlo,.panta u. 1uppi0Hd to ac

cmulate • a;,1z1.oal lntormatlon_on tbe,.relat1w achutaca.ot the ftl'loua 

~ INN atntiapN &11 11beizo llil!apoaale 

To be more detailed• we aaaUIIII that tban 1a • population CSA 1.be 

•m• ot nat1aUov ot iar'1o1panta tor ••oh poa1t1oa ot the p111. Let; 

wa alao uaUIII that the••~ plaJinc1' ot the - lmolwa ll part1o1-

puta aeleoted at l'IIJMI• tna tbe A popalailoaa• aA4 that '1wre la a at&• 

'bla .....-.C• trequeaoy with 11b1ah aah PUN ftl'atagJ ia -,lo,-1 by the 

• avenge ...,..- ot the a.pproprl.ata populatioa. 

Since there 1a to be no oollaboration bet.II ... 1.adi'dduala p¥ng in 



d.Uterent poait1ona ot the OUII• ~ probability that a particular n

tuple of puro atntec1oa will bo cq,loycd 1n e. playinc or the Gflm8 

ahculd be tba product ot the probabllitioa 1nd1oating the ohaooe or 

oach ot the 11 punt atrate,:iea to bo emplcrJ-1 1Jl a random. playing • 
. - ... _, .. ""_·-.. -'- - . 

Lat the probability that 1Tio< will be mnplo:,ed 1A a nndara 

playing ot the gem be Ci~ • and let S;-= L.C;ct Tr;<=t • 
0( 

~(5,,51., • • - 5-.) • Then the ex~ pay-ott to an ind1-v-

1dual playillg 1n the t th poa1t1on ot the game and employ1Dg the pure 

avategy lr,o( 1a f; {,-d.; Tr;o<) = P:ot (~) • 
Bow let ua ooneider what efteota the experlenoe ~ the pari1oipanta 

will produce. TO .. cum.. .. •• did, tha1. they aooumlated apinoal 

evidence on the pure etrategiea at their di•poeal ia to .. ._. 1.hat 

thoae playing in poa1t1on • 
But it they know tbeae they wlll epl07 oal1 opt1mal pure atntep.8•• 

1 .... 1JboN pun nrrd;egSN • 1ricl au.ah tha1a 

• 

• ~17 •blol S; ccprea• their bebtffl~ S: att&-- poet-

t1w ~_10~ Dnqto o~ ~ aift~• ~.*,t .. 

Bu" th1a 1a •Sawl7 a oond1tion tor~ to be an equillbrlta poln• 

£aN[il-},('#:9 

1'ha the U~ioaa .. a4e 11:L tbia "•H-aO'U.Oll" 1AMrpre1d.OA 

lead to thll oonoluaion tbat 1lbe a1xed avategieil repl'eNl>ting the •'l"eraP 

bebanoi- 1n •ob ot the populat10111 tars an equillbriua point. 

!he popalationa need no1J be lar'9 tt the uauapl1om nn1 !:"a~o ! -t: 



:_:1 hold. There a.N a1tuationa 1n economca or international 

pollt1ca in lrhich, et1'oot1,-oly. e. uoup of interests are involved 1n 

o. non-cooperative £Ulllt without beinc lll'IILr8 or 1t1 the non--oareneaa 

. hel;,1:JG .to aka the. s1tua.t10l1 trul:, nan-cooperative. 

A • ot course. w can onlJ oxpoct same aort of approximate 

euqil1br1ua., a1nco tho inror.:at1on. 1ta utill&at1on. and the atab111ty 

ot the a4¥8ftgo trequenoiu w!ll bo i=pc-i'aot. 

We now akotah another 1Aterprotat1on. one 1n which aolutiona play 

a ~or role. and which 1e applicable to a pa plaJed but once. 

W. proceed by iniren1ga~ the quution& -.bat would be a "ratiOllal • 

p1"ffdiot1on of the behavior to be cpected ~ rational plqi&lg ti. pa ill 

4ueati011T By uaing th• prlna1pl• that a rational prediction ahould be 

unique• that the p~ abould be able to deduce and Dike ua• ot 1t, and 

tha'b auoh lcnowledp on the part ot eaoh pla'yc- ot What to expect ti. 

othera 1.o do ahould .not lead h1a to act ou~ ot o01lf'ond.t1 •1th tha pre

d1ot1oa, om 1• led to the aoaaep1I of a aolutian detl.DN baton. 

u S.JS~,· •• Sn ..,. the ... ot ~ nn.tecta 

~ a aolwble ,,.... the •rat1oia1• prwd6Uoa ahoild "' "TM ....-.p 

belattW ot raUoml am plq1Dc in. poeit1on i 1ICIU1d detillt a -..d 

at.NNQ S; SA S; 1t • experlmta.1J were ~ out.• 

IA t.h1a interprot&Uon w mod to ua1IIII the p~ Jcno,r the t\1ll 

atru.c~ ot i.M g-. in order to be able to deduce tile pred1o140b tor 

theuelveaa It 18 quite atreog,ly a rat1oaa11at1a and s.cs.11a1Dg inter

pretatioae 

In an unaolvable paa it aaa.tiaa happam that &ood haul-iatio 

reaam• oan be towid tor narrowing down the aet at equ1llbrium painta to 

.. tho•• 1n a a1Jlgle aub-aolut1on, wh1ch then plqa the role ot a aolation. 
- / 



Ill conenl a aub-aolut1on may be looked at u a aet or mtuall:, 

compatible equilibrium poiJ:rta, torming a coherent whole. '?he sub
-che 

aolut1one apptlNU' to giw a natural aubd!.viaion otj_eet ot equilibrium 

- point& ~ •·•om• -



Appl1cat1oma 

The atudy of n-peram guea tor which the aoooptod ~ioa ot tair 

play imply non-oooperatlw playing 1a. of course, an obvioua direotiOD 

in which to apply this thfJoeya .And poker 1a the moat obvioua target. 
• ·- ~·---~•-t-~ .• -... - .. - .• -

'?he aml19ia ot a more realistic poker game than our very aimple model 

ahould bl quite an intereeting af1'a1r. 

the oamploxity ot tho me.thotatioal work needed tor a oaaplete 1n

wri1'8t1on increaHa rather' rapidly, howewr, •1th increaa!Dt camplex-

1i;J' at the OUll'J ao that 1t .._,, that &llalyaia ~ a gaoc, much more ooa

pla than the exuq,19 giwn here waud on17 be toaaibl• uaing appraxi

•te OCllp\ltnioml lllthoda. 

A 1eu obTioua ~ ~ application 1a to the atudy of oooporatiw 

glllllM• B1 a.oooperatiw pm1"-,,. a aitua'biOA 1nvolvinc a aet ~ 

plaJVa. pl.U'9 atntegi•• and p~• u uaualJ but with tha aaaumption 

t1ia, the pla,.-a 08D aDd 11W. oollaboftf.e .. 1Zey do 1A tlw WA le!WDO 

am Jlargwtern theOJ7• Thi• •w the pla,-ra -, 001111mioate u4 ton. 
u 

ooa11tlaaa whi~ wU1 be entoroed by an ,-Pint• It 1a UDD110•Ml'i11' 

rutr1ot1w. balrewr. to uaume m17 tnnatenbn;ty. er ..,. --,..,abU-

1'7 ot-.iahe pq-otla Cwhloh ahould be 1A w1llt)' wd.i:'7 to _41tt.-.n 

plqen. Alt¥ 4•1N4 tnutenblllt,' au lNt ,W lato 1M pa l..U !D

a'N&d ot aaamai.ag 1t poaaible 1n tbl extra,..pm1 oollabontion. 

!hi writer bu dffelopN a 9 4)'nta1oal• approach to_tbe ~ ot oo

operaUw ...,. baN4 upoA nduft1oa 1:o nai-aoopca1;1w tara. OM p,o. 

ONda 1»)' ~ a IIDde1 ot tbe pre plq De&O'i&UoA ao iabail tM 

nepe ~ negot1a~1on NO .. .,... 1n a larc• llClll-ooop_...,.1.,. - C 1dwsb 

1d11 haw an 1Dt1D1"1 at pure atrateg.t•J doaar1blnc the total a1tanion. 

Tlda ~ ,pa 1a the trea"-1 1A t .... ot ~ 'heor7 ~ th1a pa.per 



£ extended to 1nt1nite p,raaJ and 1t 1'1llwt11 are obtained they are teken 

u the •lue• ot the cooperat1w cam• Thue tho problem anal1=1ng a 

cooperatift game beoomea the ;,roblem or obtaininr; a suitable. aJld con• 

-Y1no1ng. noa-oooperatiw model for the negotiation. 

The writer bu• by auch a treatment. ob1:a1ned valuea tor all finite 

two person ooopeNltiw Qam8•• and so:ae special n-peraon game•• 
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